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In this paper we state a fundamental question about the structure of correlations in time and
analyze temporal monogamy relations. We show that the nature of temporal correlations is inher-
ently different from the spatial ones but in similarity to quantum spatial correlations, we expose a
phenomenon of monogamy of quantum entanglement in time. We perform this task applying the
entangled histories framework as a modification of the consistent histories approach. These con-
siderations are supported by introduction of necessary tools specific for the tensor algebra used for
representation of spatial correlations. We show that Tsirelson bound on temporal Bell-like inequali-
ties can be derived from the entangled histories approach. Finally, we point out that in a context of
the tensor algebra used for linking states in different times further studies on mathematical structure
of the state representing evolving systems are needed.
PACS numbers: 03.67.-a, 03.67.Hk
I. INTRODUCTION
Recent years have proved a great interest of quantum
entanglement monogamy concept showing its usability
in quantum communication theory, especially in domain
of one-way communication and its applications to quan-
tum secure key generation [9–16]. While spatial quantum
correlations and especially their non-locality became a
central subject of quantum information theory and their
applications to quantum computation, potentiality of ap-
plication of temporal non-local correlations is poorly ana-
lyzed. The crucial issue relates to the very nature of time
and temporal correlations phenomenon with their under-
standing within the framework of modern quantum and
relativistic theories.
Non-local nature of quantum correlations in space has
been accepted as a consequence of violation of local re-
alism, expressed in Bell’s theorem [37] and analyzed in
many experiments [2, 3]. As an analogy for a temporal
domain, violation of macro-realism [8] and Legett-Garg
inequalities [38] seem to indicate non-local effects in time
and are a subject of many experimental considerations
[4–7]. However, the open problem relates to the math-
ematical structures that could represent quantum states
correlated in time in similarity to multipartite quantum
states in space. In this paper we analyze a variation of
the consistent histories approach [19–22] with a concept
of entangled histories [26, 27] built on a tensor product
of projective Hilbert spaces that can be considered as
a potential candidate of mathematical structures repre-
senting quantum states correlated in time. In particu-
lar, we focus on showing that entangled histories demon-
strate monogamous properties reflecting the phenomenon
in case of spatial quantum entanglement. It is worth
mentioning that the two-state-vector formalism (TSVF)
[18] brings another perspective on representation of quan-
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tum correlations in time broadly discussed in the litera-
ture.
However, it is crucial to note that in this context many
’obvious’ facts about structure and behavior of spatial
correlations and tensor algebra of spatial quantum states
cannot be easily transferred into the temporal domain as
the tensor structure of temporal correlations is richer due
to the binding evolution between instances of ’time’ and
the observation-measurement phenomenon that is also a
subject of this paper.
The outline of this paper is as follows: in section I,
we present the well known concepts of consistent histo-
ries approach [21] and present new concepts of entangled
histories [28, 29] which are substantial for further con-
siderations on monogamies and entanglement in time as
such. In section II, we introduce partial trace on quan-
tum histories and show that quantum entanglement in
time is monogamous for a particular history. This sec-
tion considers also this property from a perspective of
the Feynman’s path integral approach. In section III,
the Tsirelson bound on quantum correlations in time is
derived from the entangled histories.
We believe that further research on temporal correla-
tions and time evolution will be substantial for develop-
ment of quantum information theory including applica-
tions to quantum cryptography or quantum computation
but also to quantum gravity theory.
II. ENTANGLED CONSISTENT HISTORIES
The consistent histories approach has a long tradition
[19–24, 26, 27] and as such resolves many quantum ’para-
doxes’ but is also a subject of many open discussions. For
readers interested in deepening the subject of consistent
histories, it might be useful to refer to the literature [21].
In this section we give a short introduction with necessary
tools for further reading of the paper but also introduce
a new concept of monogamy of correlations in time from
the consistent histories perspective. Partial trace oper-
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2ator on C∗-Algebra of history operators is introduced as
a tool necessary for analysis of reduced histories justi-
fying its consistency with the Feynman’s path integral
approach [32].
It is substantial to notice that for a temporally evolv-
ing system we can ask questions about its states prob-
ing the system in different times t1 < t2 < ... < tn
that is performed in reference to the measuring device.
We could interpret that during this process we project
the state of the system onto the n-fold tensor product⊙n
i=1 Pi achieving a consistent wave function which can
be used to deduce probabilities of the events where a
history of a physical system is defined by means of the
product
⊙n
i=1 Pi of local projectors Pi acting on the
Hilbert space H = Htn ⊗ · · · ⊗ Ht1 in which the par-
ticular states live. The projectors in a given history rep-
resent then potential properties of the system it had in
analyzed times. It means that we build a tensor alge-
bra from temporally local frames (identified by pointer
ti) analyzing the global state of evolving system in lo-
cal Hilbert spaces Hi. Thus, one can interpret a history
Proj(H) 3 |H) = P 1n  P 1n−1  . . .  P 11 as a potential
evolution where the system has a property Pi in time ti
[21]. To have a physical sense, it means that in principle
it should be possible to define an ’observable’ for such
a history state that is defined as O = |H)(H| [28, 29].
Naturally, it is still an open question what mathematical
structure would be sufficient to describe ’atemporal state’
of the system in any reference frame with which one can
associate all possible physical history observables.
The fundamental tool introduced in the consistent his-
tory framework which connects different frames is the
bridging operator [19] B(t2, t1). It is a counterpart of an
unitary evolution operation having the following proper-
ties:
B(t2, t1)† = B(t1, t2) (1)
B(t3, t2)B(t2, t1) = B(t3, t1) (2)
and can be represented for unitary quantum evolution as
B(t2, t1) = exp(−iH(t2 − t1)).
Now for the sample space of consistent histories
|Hα) = P 1n Pαn−1 . . .Pα1 Pα0 where
∑
α |Hα) = id,
the formalism introduces the chain operator K(|Hα))
which will be fundamental for answering the questions
about probabilities of realization of such a history that
could be assigned to a particular history via the Born
rule:
K(|Hα)) = Pαn B(tn, tn−1)Pαn−1 . . .B(t2, t1)Pα1 B(t1, t0)Pα0
(3)
Further, equipped with this operator one can asso-
ciate a history |Hα) with its weight W (|Hα)) =
TrK(|Hα))†K(|Hα)) being by Born rule a counterpart of
relative probabilities. The histories framework requires
additionally that the family of histories is consistent, i.e.
one can associate with a union of histories a weight equal
to the sum of weights associated with particular histories
included in the union. This implies the following consis-
tency condition: (H
α|Hβ) ≡ TrK(|Hα))†K(|Hβ)) = 0 for α 6= β
(Hα|Hβ) = 0 or 1∑
α cα|Hα) = I for complex cα ∈ C
(4)
If the observed system starts its potential history in a
pure state Pt0 = |Ψ0〉〈Ψ0|, then a consistent set of its
histories create a tree-like structure (Fig. 1). The consis-
tency condition implies that the tree branches are mutu-
ally orthogonal. It is helpful also to assume normalization
of histories with non-zero weight which enables normal-
ization of probability distributions for history events, i.e.:
|H˜) = |H)√
(H|H) .
The consistent history framework does not consider
non-locality in space or time as such [25], however, since
the space of histories spans the complex vector space, we
can consider complex combinations of history vectors, i.e.
any history can be represented as |Ψ) = ∑i αi|Hi) [28]
where αi ∈ C and F 3 |Hi) represents a consistent family
of histories which is actually a complex extension of the
framework built by R. Griffiths. Having defined above,
the histories space can be also equipped with an inner
semi-definite product [19] between any two histories |Ψ)
and |Φ) as (Ψ|Φ) = Tr[K(|Ψ))†K(|Φ))]. It is worth men-
tioning that recently [28, 29] the concept of Bell-like tests
have been proposed for experimental analysis of entan-
gled histories.
It is fundamental to note that a history |Hα) can be
consistent or inconsistent (physically not realizable) bas-
ing on the associated evolution T of the system [21] as
its consistency is verified by means of the aforementioned
inner product engaging bridging operators. Thus, a tem-
poral history is always associated with evolution and one
actually always should consider a pair of a family of his-
tories and the bridging operators {F , T} for the physi-
cal system. This is the first key feature differentiating
vectors representing spatial quantum states (as objects
from Hilbert or Banach space for mixed states) and tem-
poral vectors representing histories. Whenever we ana-
lyze features of a spatial quantum state, it is assumed
that all necessary knowledge is hidden in the vector |ψ〉
so actually we analyze only one-element history objects
[ψ] = |ψ〉〈ψ| from a perspective of a temporal local frame
without a concept of time.
III. MONOGAMY OF QUANTUM
ENTANGLEMENT IN TIME
Now we are ready to put a fundamental question about
monogamy of correlations inheriting from the entangled
histories approach. Since the algebra with
⊙
opera-
tion is a form of tensor algebra, it inherits all prop-
erties of normal tensor algebra and all mathematical
questions valid for vectors representing spatial correla-
tions are mathematically valid for temporal correlations
3Pt0 
Pt1,1 Pt1,2 
Pt2,1 Pt2,2 Pt2,3 Pt2,4 Pt2,7 Pt2,6 Pt2,5 
FIG. 1: If the observed evolution is initiated in a state [Pt0 ] =
|Ψ0〉〈Ψ0|, then the history family can be represented as a
tree-like structure where each brach represents a potential
history. The branches are mutually orthogonal due to the
consistency condition. The exemplary red branch represents
history H = Pt2,3  Pt1,1  Pt0 .
although not necessarily having similar physical inter-
pretation. It is substantial to note that any history
Y = Fn  . . .  F0 can be extended to I  Y as iden-
tity I represents a property that is always true and does
not introduce additional knowledge about the system.
Conversely, if one considers reduction of a history to
smaller number of time frames, then information about
the past and future of the reduced history is lost. Let
us consider the potential history of the physical system
Ytn...t0 = FnFn−1. . .F2F1F0 on times {tn . . . t0},
then at time t1 the reduced history is Yt1 = F1. Further,
looking at the history Ytn...t0 one can associate with Yt1
two bridging operators B(t2, t1)† and B(t1, t0) by means
of which we can calculate two propagators taking the his-
tory from the future and past events to F1 where a system
evolves through the potential paths consistent with this
history.
The aforementioned considerations are vital for fur-
ther statements about potential nature of monogamic
relations in time for a particular entangled history of a
physical system. We can introduce now a partial trace
operation on a history similarly to the spatial operator
in accordance with a general rule of calculating partial
traces on tensor algebras:
Definition III.1. For a history |Ytn...t0) = FnFn−1
. . .  F1  F0 acting on a space H = Htn ⊗ · · · ⊗ Ht0 , a
partial trace over times {tj . . . ti+1ti} (j ≥ i) is:
Trtj ...ti+1ti |Ytn...t0)(Ytn...t0 | =
dimF∑
k=1
(ek|Ytn...t0)(Ytn...t0 |ek)
where F = {|ek)} creates an orthonormal consistent fam-
ily of histories on times {tj . . . ti+1ti} and the strong con-
sistency condition for partial histories holds for base his-
tories, i.e. (ei|ej) = Tr[K(|ei))†K(|ej))] = δij.
Basing on the concept of entangled histories, we pro-
pose further a general form of maximally entangled his-
tory in similarity to maximally entangled bipartite qudit
state in space |Ψ+〉 = 1√N
∑N
i=1 |i〉 ⊗ |i〉, 2 ≤ N <∞:
Proposition III.2. A state ’maximally entangled’ in
time would be represented by:
|Ψ) = 1√
N
N∑
i=1
|ei) |ei), 2 ≤ N <∞ (5)
with a trivial bridging operator I and {|ei)} creating an
orthonormal consistent histories family.
It is important to note that one can always employ
such a bridging operator that |Ψ) could become intrinsi-
cally inconsistent which means it would be dynamically
impossible [21], thus, an identity bridging operator is as-
sociated with the above state. Further, one could also
introduce τGHZ and τW states substantial for studies
of multipartite correlations and their applications (e.g.
for secret key generation, quantum algorithms or spin
networks) in analogy to spatial |GHZ〉 and |W 〉 states
with trivial bridging operators:
|τGHZ) = 1√
2
(|e0)N + |e1)N )
|τW ) = 1√
N
(|e1) |e0) · · ·  |e0)+
|e0) |e1) · · ·  |e0) + · · ·+ |e0) |e0) · · ·  |e1))
(6)
To better understand the behavior of entangled histo-
ries in a context of monogamy, we further consider the
Mach-Zender interferometer (Fig.2).
Example 1. Namely, let us consider the follow-
ing potential intrinsically consistent history on times
{t3, t2, t1, t0}:
|Λ) = α([φ3,1]It2[φ1,1]+[φ3,2]It2[φ1,2])[φ0] (7)
where α stands for the normalization factor, [φi,j ] =
|φi,j〉〈φi,j | and potentiality of the history means that one
can construct a history observable Λ̂ = |Λ)(Λ|. Now, re-
tracting only the state on times t1 and t3 one gets the
reduced history:
|Λ1) = α˜([φ3,1] [φ1,1] + [φ3,2] [φ1,2]) (8)
which displays entanglement in time apparently. Notice-
ably, we have to show that to be in agreement with the
partial trace definition and Feynman propagators’ for-
malism [32] the history |Λ1) cannot be extracted from
the following |τGHZ)-like state which is also allowed in
the setup of the aforementioned interferometer (Fig. 2)
as a potential history:
|Ψ) = γ([φ3,1] [φ2,1] [φ1,1]+[φ3,2] [φ2,2] [φ1,2]) (9)
We observe that the reduced history [φ3,1]  [φ1,1] is
correlated with [φ2,1] and not with [φ2,2]. Thus, we can-
not simply add the histories [φ3,1] [φ1,1] + [φ3,2] [φ1,2]
as a reduction. It would imply decorrelation with the
next instance of the history in such a case, i.e. it could
4|j1,1 
|j0 |j1,2 
|j2,1 
|j2,2 
|j3,2 
|j3,1 
FIG. 2: The Mach-Zender interferometer with an input state
|φ0〉 - a vacuum state is omitted which does not change fur-
ther considerations. The beam-splitters can be represented
by Hadamard operation H = 1√
2
[
1 1
1 −1
]
acting on the spa-
tial modes. One can analyze the interferometer via four-times
histories on times t0 < t1 < t2 < t3 for the interferometer pro-
cess: |φ0〉 → 1√2 (|φ1,1〉+|φ1,2〉)→ 1√2 (|φ2,1〉+|φ2,2〉)→ |φ3,2〉.
be always expanded to a history e.g. [φtx ]  ([φ3,1] 
[φ1,1] + [φ3,2]  [φ1,2]). The latter is in agreement with
the Feynman’s addition rule for probability amplitudes as
that would mean existence of detectors in the consecutive
step. It is important to note that these considerations are
related to |Ψ)(Ψ| - observable and the reference frame as-
sociated with that. It shows clearly a physical sense of
quantum entanglement in time and further a concept of
its monogamy for a particular entangled history.
One finds temporal monogamy phenomenon in similar-
ity to the spatial monogamy [30] on the ground of con-
sistent histories approach saying that we cannot build a
tripartite state ρABC where ρAB = ρBC = |Ψ)(Ψ| and
TrCρABC = ρAB .
Besides the aforementioned reasoning derived from
Feynman’s quantum paths, one can refer to a broadly
used explanation [30] for spatial monogamy of entangle-
ment between parties ABC (or further {t3, t2, t1, t0} for
temporal correlations). It states that A cannot be simul-
taneously fully entangled with B and C since then AB
would be entangled with C having a mixed density ma-
trix that contradicts purity of the singled state shared
between A and B. For the history spaces one can build
naturally C∗-Algebra of history operators equipped with
a partial trace operation III.1 and follow the same reason-
ing for entangled histories. We can summary these con-
siderations with the following corollary about monogamy
of temporal entangled histories:
Corollary III.3. There does not exist any such a
history |H) ∈ Proj(H⊗n) so that for three chosen
times {t3, t2, t1} one can find reduced histories |Ψt3t2) =
1√
2
(|e0)|e0)+ |e1)|e1)) and |Ψt2t1) = 1√2 (|e0)|e0)+
|e1) |e1)).
This lemma holds for any finite dimension n and also
for general entangled states of the form III.2.
As a consequence, there does not exist such a temporal
observable Λ̂A1A2A3 so that A1A2 parties are maximally
entangled and A2A3 are maximally entangled simultane-
ously on times {t3, t2, t1}. However, in principle there ex-
ist observables of different histories that do not commute
and cannot be observed at the same reference frame by
an observer that are maximally entangled between A1A2
and A2A3 [17].
It might be also interesting to consider a temporal
analogy of spatially separable states. A natural conse-
quence of entanglement monogamy in space is that all
∞-extendible states [33–35] are separable, i.e. we cannot
build a quantum spatial state where a chosen party is en-
tangled with an infinite number of parties. In principle,
if we consider now Feynmann path integral which inte-
grates all probability amplitudes over possible paths, one
can state a question about correlations between a state
of a system at a chosen time tx and all other times sepa-
rated by dt in this evolution. Suppose we are considering
a two-state history |F ) = [xE ]  [xS ] where a particle is
localized at xS at time tS (our initial state is |S〉 = |xS〉)
and evolves to the final state |E〉 localized at xE at time
tE . This history can be further expanded as a Feynman
path integral [31] assuming breaking down the evolution
time into n small time intervals δt:
〈E|S〉 =
∫
dxn · · · dx1〈xE |e−iH(tE)δt|xn〉〈xn| · · ·
|x2〉〈x2|e−iH(t2)δt|x1〉〈x1|e−iH(t1)δt|xS〉
(10)
where we assumed evolution steered by hamiltonian H
being a smooth function of t. One can represent the
product |E〉〈E|S〉〈S| by means of integration over his-
tories (it is crucial to remember that as in case of path
integral summands not every particular history summand
has to be inherently consistent, i.e. physically realizable)
as follows:
|E〉〈E|S〉〈S| =
∫
dxn · · · dx1K([xE ] [xn] . . .
[x2] [x1] [xS ])
(11)
It represents an expansion of a quantum propagator via
quantum histories and in general, the history |F ) =
[xE ] [xS ] is separable.
IV. LEGETT-GARG INEQUALITIES AND
TSIRELSON’S BOUND FROM ENTANGLED
HISTORIES
The violation of local realism (LR) [37] and macrore-
alism (MR) [39] by quantum theories has been studied
for many years in experimental setups where measure-
ments’ data are tested against violation of Bell inequali-
ties for LR and Leggett-Garg inequalities (LGI) [38] for
MR. For quantum theories, the former raises as a con-
sequence of non-classical correlations in space while the
5latter as a consequence of non-classicality of dynamic evo-
lution. In this section we show that entangled histories
approach gives the same well-known Tsirelson bound [36]
on quantum correlations for LGI as quantum entangled
states in case of bi-partite spatial correlations for CHSH-
inequalities.
In temporal version of CHSH-inequality being a mod-
ification of original Legett-Garg inequalities, Alice per-
forms measurement at time t1 choosing between two di-
chotomic observables {A(1)1 , A(1)2 } and then Bob performs
a measurement at time t2 choosing between {B(2)1 , B(2)2 }.
Therefore, the structure of this LGI can be represented
as follows [40]:
SLGI ≡ c12 + c21 + c11 − c22 ≤ 2 (12)
where cij = 〈A(1)i , B(2)j 〉 stands for the expectation value
of consecutive measurements performed at time t1 and
t2.
Since one can build in a natural way C∗-Algebra of
history operators for normalized histories from projec-
tive Hilbert spaces equipped with a well-defined inner
product, we provide reasoning about bounding the LGI
purely on the space of entangled histories and achieve the
quantum bound 2
√
2 of CHSH-inequality specific for spa-
tial correlations. The importance of this result achieved
analytically is due to the fact that previously it was de-
rived basing on convex optimization methods by means
of semi-definite programming [42] and by means of cor-
relator spaces [41] not being equivalent to probability
space (probability conditional distributions of consecu-
tive events) without underpinning mathematical struc-
ture of quantum temporal states.
We will now remind the theory by B.S. Cirel’son about
bounds on Bell’s inequalities that is used for finding
quantum bounds on spatial Bell-inequalities:
Theorem IV.1. [36] The following conditions are equiv-
alent for real numbers ckl, k = 1, . . . ,m, l = 1, . . . , n:
1. There exists C∗-Algebra A with identity, Hermi-
tian operators A1, . . . , Am, B1, . . . , Bn ∈ A and a state f
on A so that for every k, l:
AkBl = BlAk; I ≤ Ak ≤ I; I ≤ Bl ≤ I; f(AkBl) = ckl.
(13)
2. There exists a density matrix W such that for every
k, l:
Tr(AkBlW ) = ckl and A
2
k = I; B2l = I. (14)
3. There are unit vectors x1, . . . , xm, y1, . . . , yn in a (m+
n)-dimensional Euclidean space such that:
〈xk, yl〉 = ckl. (15)
In a temporal setup one considers measurements A =
I  A(1) (measurement A occurring at time t1) and
B = B(2)  I which is in an exact analogy to the proof
of the above theorem for a spatial setup. The his-
tory with ’injected’ measurements can be represented as
|H˜) = αAB|H)A†B† where α stands for a normaliza-
tion factor. History observables are history state oper-
ators which are naturally Hermitian and their eigenvec-
tors can generate a consistent history family[28]. For an
exemplary observable A =
∑
i ai|Hi)(Hi|, its measure-
ment on a history |H) generates an expectation value
〈A〉 = Tr(A|H)(H|) (i.e. the result ai is achieved with
probability |(H|Hi)|2) in analogy to the spatial case.
Thus, one achieves history |H˜) as a realized history with
measurements and the expectation value of the history
observable 〈A〉. It is worth mentioning that |H˜) and |H)
are both compatible histories, i.e. related by a linear
transformation. Equipped with the aforementioned find-
ings about history observables, one can state now the
following lemma:
Lemma IV.2. For any history density matrix W and
Hermitian history dichotomic observables Ai = I  A(1)i
and Bj = B
(2)
j  I where i, j ∈ {1, 2} the following bound
holds:
SLGI = c11 + c12 + c21 − c22 (16)
= Tr((A1B1 +A1B2 +A2B1 −A2B2)W )
≤ 2
√
2
Proof. The proof of this observation can be performed
in similar to the spatial version of CHSH-Bell inequal-
ity under assumption that the states are represented
by entangled history states and for two possible mea-
surements {A(1)1 , A(1)2 } at time t1 and two measurements
{B(1)1 , B(1)2 } at time t2. These operators can be of di-
mension 2 × 2 meeting the condition A2i = B2j = I.
Therefore, they can be interpreted as spin components
along two different directions. In consequence, it is well-
known that the above inequality is saturated for 2
√
2 for
a linear combination of tensor spin correlation that holds
also for temporal correlations. Additionally, one could
also apply for this temporal inequality reasoning based
on the following obvious finding [36] that holds also for
the temporal scenario due to the structure of C∗-Algebra
of history operators with -tensor operation:
A1B1 +A1B2 +A2B1 −A2B2 ≤ (17)
1√
2
(A21 +A
2
2 +B
2
1 +B
2
2) ≤ 2
√
2I
V. CONCLUSIONS
In this paper we presented monogamous properties of
quantum entangled histories proving that quantum en-
tanglement in time has properties similar to quantum
6entanglement in space. We pointed out that a Tsirelson-
like bound can be calculated for Leggett-Garg inequal-
ities analytically applying entangled histories which is
a new result in comparison to the limits calculated nu-
merically by means of semi-definite programming. We
also introduced a partial trace operation for entangled
histories which is operationally important for analysis of
reduced histories. There are many open problems and
questions for further research in this field. Entangled his-
tories approach is a substantial modification of the orig-
inal consistent histories approach, especially in relation
to the entanglement in time introducing non-locality of
time into the framework. Future research can be focused
on analysis of non-locality in time and finding more ap-
propriate mathematical structures that will enable easier
calculations of measurements’ outputs for observers in
different reference frames. Monogamy of entanglement
in time and non-locality in time can be probably applied
also in quantum cryptography and should give some new
insights into non-sequential quantum algorithms and in-
formation processing. Finally, as stated in the paper
the subject is fundamental for understanding relativistic
quantum information theory and brings new prospects
for this field.
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